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Abstract 
     In this paper, two new modules are defined, which we call  centrally regular and centrally semiregular 
modules and several properties of them are proved. Also, we have determined so many conditions under 
which regular (resp. semiregular)  modules and centrally regular (resp. centrally semiregular) modules are 
equivalent.   
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Introduction 
    Let R  be a ring with identity 1 and M  
be a left R module. A nonempty subset S  
of R  is called a multiplicative system in R  
if S0  and Sba ,  implies Sab  [1]. If 
S  is a multiplicative system in R  such that 

}0{],[ RS ,where 
},:],{[],[ RrSsrsRS  and 

rssrrs ],[ , then one can easily show 
that },:{ SmRamaSR   is a ring  

under the following operations of addition 
and multiplication: (i): 

mnmbnanbma )(    and  (ii): 

mnabnbma )( , for all SRnbma ,  [2] 

and this ring is known as the ring of 
quotients of R  with respect to the 
multiplicative system  S  or the localization 
of R  at the multiplicative system S , where 

ma  is the equivalence of ),( ma  in SR  
under the equivalence relation (~) defined 
as follows: If SRtbma ),(,),(  then 

),(~),( tbma  if and only if there exists 
Ss  such that 0)( mbtas  and also we 

would like to mention that mm  is the  
 

identity element of SR  for all Sm   [2]. 

Also it can be shown that 
},:{ SsMmsmSM   is a left SR  

module under the module operations 
defined as mtmbtatbma )(   and 

pmamap )(  , for all SRp   and 

SMtbma , , where sm  is the equivalence 

of ),( sm  in SM   under the equivalence 
relation (~) which is defined as follows: If 

SMtbma ),(,),(  then ),(~),( tbma  if 
and only if there exists Ss  such that 

0)( mbtas . 
     A submodule K  of M  is called a cyclic 
submodule of M  if RxK  , for some 

Mx  [3] and it is called a small 
submodule of M  if MLK  , for every 
proper submodule L  of M , or 
equivalently, if L  is any submodule of M  
such that MLK  , then ML  [4-6]. 
Also, we say that K  lies above a direct 
summand of M  if there is a direct 
decomposition QPM   such that 

KP   and KQ  is a small submodule
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 of Q [7,8]. M  is called a regular module if 
every cyclic submodule of M  is a direct 
summand of M [9] and it is called a 
semiregular module if every cyclic 
submodule of M  lies above a direct 
summand of M [9]. Also M  is said to be 
simple if the only submodules of M  are 
{0} and M [10]. The Jacobson radical of 
M , denoted by )(MJ , is the intersection of 
all the maximal submodules of M [3] and 
M  is called semiprimitive if 0)( MJ [9].  
Remarks 
     If S  is a multiplicative system in R  
with }0{],[ RS , then: 
1: For all Ss , we have s0  is the zero of 

SM , where 0 is the zero of M  and  

nm 00  , for all Snm , . Also, for all 
Ss , we have ss  is the identity element of 

SR  and it is easy to see that nnmm   for 

all Snm ,  [2].  
2: If SRtbma , , where Rba ,  and 

Stm ,  , then tbma   if and only if 
),(~),( tbma  if and only if there exists 

Ss  such that 0)( mbtas  and 0ma  
if and only if there exists Su such that 

0ua  [2]. The same result is valid if we 
replace R  by M  and SR  by SM . 

3: If Rsr ,  and Snm , , then we have 
 nsns )( nnnnnnsns 00)(   and so 

 
nsns  )( .Now  msrmmmsr )()(   

msmrmmmsmr  )(    and thus 
 msrmsr ))(()(   

msmrmsmr  )(   [2].   
4: If Mba ,  and Snm , , then we have 

 nbnb )( nnnnnbnnb 00))((   

and so . Also,  mbammmba )()(  

mbmammmbma  )(  and  
 mbamba ))(()(  

 mbmambma  )( .   
 
Known Results 
Theorem A: [9] 
     Let R  be a ring with identity and M an 
R module, then the following conditions 

are equivalent: 
1: M  is regular. 
2: Every finitely generated submodule of  
    M  is a direct summand of M . 
3: For every finitely generated submodule  
    N  of M  there exists an idempotent  
     endomorphism f  of M  such that  
    NMf )( . 
Theorem B: [9] 
     Let M  be an R module, then the 
following conditions are equivalent: 
1: M  is semiregular. 
2: Every finitely generated submodule of  
    M  lies above a direct summand of M . 
3: For every cyclic submodule N  of M ,  
    there is an idempotent endomorphism f   
    of M  such that NMf )(  and  
    ))(1( Nf  is a small submodule of M . 
4: For every finitely generated submodule   
    N  of M  there exists an idempotent  
     endomorphism f  of M  such that such  
     that NMf )(  and ))(1( Nf  is  
     a small submodule of M . 
Theorem C: [9] 
     Let M  be an R module. If )(MJ  is a 
small submodule of M , then the following 
conditions are equivalent: 
1: M  is semiregular. 
2: For every cyclic submodule N  of M ,  
     there is an idempotent endomorphism  
     f  of M  such that NMf )(  and  
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     )())(1( MJNf  . 
3: For every finitely generated submodule  
    N  of M  there exists an idempotent  
     endomorphism f  of M  such that  
     NMf )(  and )())(1( MJNf  . 
Theorem D: [9] 
     Let M  be an R module, then the 
following conditions are equivalent: 
1: M  is semiprimitive semiregular module. 
2: M  is a regular module. 
3: Every submodule of M  is a 
    semiprimitive regular module. 
Theorem E: [3] 
     An R module M  is simple if and only 
if RxM  , for all Mx0 .  
Theorem F: [9] 
     A submodule K  of M  is a maximal 

submodule in M  if and only if 
K
M  is a 

simple R module. 
     Now we introduce the following 
definition. 
Definition: 
     We call a multiplicative system S  in R  
a central multiplicative system if 

}0{],[ RS . 
     It is necessary to mention that 

}0{],[ RS  if and only if  )(RZS  , where 
)(RZ , is the center of the ring R , that is, 
rssr  , for all RrSs  , .   

The Main Results:  
     First, we give the following lemma. Its 
proof is simple and follows directly by the 
elementary properties of localization and it 
is basic in driving our main results. 
Lemma 1: 
     Let K  and N  be submodules of M  and 
S  a central multiplicative system in R .  
(1): If NK  , then SNSK   and hence, 

if  NK  , then SNSK  . 

(2): SNSKSNK  )( . 

(3): If L  is any other submodule of M  
such  
       that LNK  , then SLSNSK  . 

(4): SLSKSLK  )( . 

 Next, we prove several results, which  
concerning the submodules of M  and  the 
submodules of the localized module SM  

and which will lead to the proof of      our 
first main theorem. 
Lemma 2: 
     Let S  be a central multiplicative system 
in R . If Ma  and Sm  , then 

SRamaSR )( . 

Proof: 
     Let maSRx  .  Then there exists 

SRtr  ,such that 

SRatmramatrx )()(   (because 

Rara and Stm ).Hence 

SRamaSR )( . Let SRay )( , then there 

exists Rs  and Sp  such that 

psay )( . Then we get 

maSRmapsmmmpsapsay  )()()(

 (since SRpsm )(  and maSR  is a 

submodule of SM  and hence itself is an 

SR  module). So maSRSRa )( . Hence 

SRamaSR )(  □ . 

Proposition 3: 
     Let S  be a central multiplicative system 
in R . If K  is a submodule of M , then SK  
is a submodule of SM . 

Proof: 
     },:{ SmKamaSK  .Take 

Ss (since S ) and since K0 , so 
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SKs 0 , that is, SK  contains the zero of 

SM . Now if SKnbma ,  and SRp  , 

where Kba , ,  R  and Spnm ,, , 
then we have 
 SKmnmbnanbma  )(  and 

SMpmamap  )(  (since 

Kambna  , ). So SK  is a submodule  

of  SM  □ . 

Proposition 4 
     Let S  be a central multiplicative system 
in R  and Ss  be any element. If K  is a 
submodule of  SM , then 

})(:{  KssaMaK  is a submodule 

of M  and SKK  , that is, for each 

submodule K  of SM , there exists a 

submodule K  of M  such that SKK  . 

Proof 
     Since M0  and  Ksss 0)0( , so 

K0 . Hence MK  . Now let 
 Kba ,  and R . Then 
 Kssbssa )(,)( . Also we have 

 ssbsasbas )())((
 Kssbssa )()( . Hence Kba  . 

Next we have 
 Kssasssssassas )()())(())((  , 

so  Ka . Hence K  is a submodule of 
M . It remains to show that SKK  . Let 

Kma , where Ma  and Sm . Then 

we have  Kmasmsssammssa )()()(  
and hence  Ka . So that SKma   and 

thus SKK  . Let SKma  , where 

Ka  and Sm . Then Kssa)( . Now 
 Kssammassmassma )()( 11  

(since SRm 1  and  Kssa)(  and K  is 

an SR  module). Hence  KSK  and 

thus SKK   □ .  

Remark  
     It is necessary to mention that, in above 
proposition the choice of s  does not 
depend on the submodule K , since for all 

Sts , , we have 

ttattassssattssa )()()()(  . More 
general, for any Sts , , we have 

 })(:{ KssaMa })(:{  KttbMb
. To prove this, let 

})(:{  KssaMax , then Kssx)( . 

We get  Kssxttx )()(  and thus 

})(:{  KttaMax , so that 

 })(:{ KssaMa

})(:{  KttbMb . Similarly we can 

show  })(:{ KttbMb  

})(:{  KssaMa . Hence 

 })(:{ KssaMa  

})(:{  KttbMb . As especial case, if 
S1 , then by taking Ss  1 , the 

submodule K  of Proposition 4, becomes 
}:{ 1
 KcMcK . Hence in the case 

when S1 , we get  })(:{ KssaMa  

 })(:{ KttbMb }:{ 1
 KcMc .  

Lemma 5 
     Let K and L  be submodules of M and 
every non zero element of )(RZ  is a unit 
in R . 
1: If LyKx  ,  and tysx  , for some  
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     Sts , , then Lx  and Ky . 
2: If SLSK  , then LK  . As especial  

     case, if 0SK , then we have 0K . 

Proof 
1: The proof will follows directly by the 
fact that )(RZS   and thus s  and t  are 
non zero elements of )(RZ , so they are 

units and hence Ltysx  1  and  

Ksxty  1 . 
2: Since SLSK  , so  SLSK   and  

SKSL  . If SLSK  , to show LK  . If 

Kx , then for a fixed Su , we have 

SLSKux  . Hence there exists Ll  

and St  such that tlux   and thus there 
exists Ss  such that sulstx  . Then from 
the result of (1), we get Lx  and hence 

LK  . Similarly, it can be shown that 
KL  . Hence LK  . For the second part, 

if SSK 00  , then we get 0K  □ .  

     Now we introduce the following 
definition: 
 
Definition  
     We say that, M  is a centrally regular 
R module if the localization SM  of M  at 

every central multiplicative system S  in R  
is a regular SR module.  

Theorem 6 
     If every non zero element of )(RZ  is a 
unit in R , then M  is regular if and only if 
it is centrally regular. 
Proof 
     Suppose that M  is regular and S  is any 
central multiplicative system in R . If 

maSR  is any cyclic submodule of SM , for 

Ma  and Sm  then by Proposition 4, 

we get SKmaSR  , for the submodule 

})(:{ maSRssaMaK   of M , where 

Ss  is a fixed element in S . Now by 
Lemma 2, we have SRamaSR )( . Hence 

SRaSK )( . To show RaK  . Let Kx , 

then SRaSKssx )()(  . Hence there 

exists Rr  and Sn  such that 
nrassx )()(  , which implies that there 

exists Sb  such that 0)(  sransxb . 
Then bsrabnsx  . Then, by Lemma 5, we 
get Rax . Hence RaK  . Now let 

Ray , so tay  , for some Rt , then 

maSRSKSRasstassy  )()()( . 

Thus Ky , so that KRa  . Hence 
RaK  , that means K  is a cyclic 

submodule of the regular left R module 
M , so that there exists a submodule N  of 
M  such that NKM  . That is, 

NKM   and }0{ NK . Then by 
Lemma 1, we get SNSKSM  . To 

show }0{ SNSK . Let SNSKx  , 

then there exists NlKk  ,  and Svu ,  
such that vlukx  and so there exists 

Sw  such that 0)(  ulvkw , that is, 
}0{ NKwulwvk . Hence 

0 wulwvk . Then we get 
00)(  wvuwvuwvkukvvwwukx , 

so that }0{ SNSK  and thus 

SNmaSRSNSKSM  . Hence 

maSR  is a direct summand of SM  and thus 

SM  is a regular left SR module. 

     Conversely, let M  be a centrally regular 
R module. Consider }0{)(  RZS . It is 

easy to see that )(}0{)( RZRZS   is a 
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central multiplicative system in R and since 
M  is centrally regular, so SM  is a regular 

left SR module. To show M  is regular. 

Let Rx  be any cyclic submodule of M , 
where Mx . Since 01   and )(1 RZ , so 

S1 . Using Lemma 2, we get 

SRxxSR )(1  . Now 1xSR  is a cyclic 

submodule of the regular left SR  module 

SM . Hence  KxSRSM 1 , for some 

submodule K of SM . Then by 

Proposition 4, SKK   for the submodule 

}:{ 1
 KaMaK  of M (see the last 

remark). Hence, the last result yields 

SKSRxSM  )( , that is 

SKSRxSM  )(  and }0{)(  SKSRx . 

To show  KRxM  . Let My . As 
S1 , we get SMy 1 , so there exists 

KkRr  ,  and Svu ,  such that 

uvukvrxvkurxy )()(1  . Then there 
exists Sw  such that wukwvrxwuvy  . 
Since  Swvu ,,  and 

)(}0{)( RZRZS  , so wvu ,,  all are 
non zero elements of the center )(RZ  and 
thus they are all units of R . Hence 

Rwvu  111 ,,  and so from the last 

result we get KRxkvrxuy   11 , so 
that KRxM  . Hence KRxM  . 
Next to show that }0{ KRx . Let 

KRxb  . So there exists Rt  and 
Kl  such that ltxb  . Then we get 

}0{)()( 111  SKSRxltxb , that is, 

01 b  and so there exists Sc  such that 
0cb . Since c  is a non zero element of 

)(RZ , so it is a unit and thus Rc 1 . 

Hence we get  0011   ccbcb . 
Therefore, }0{ KRx  and thus 

KRxM  . Hence M  is a regular 
R module □ .  

     Combining Theorem A with Theorem 
6,  we get the following theorem: 
 
Theorem 7 
     If R  is a division ring, then the 
following conditions are equivalent: 
1: M  is regular. 
2: M  is centrally regular. 
3: Every finitely generated submodule of  
    M  is a direct summand of  M . 
4: For every finitely generated submodule  
    N  of M  there exists an idempotent  
     endomorphism f  of M  such that  
     NMf )( . 
Proof: 
     Since every non zero element of a 
division ring is a unit and RRZ )( , so 
every non zero element of )(RZ  is also a 
unit and hence the result will follows 
directly from Theorem 6 □ . 
     Now we prove the following proposition 
which leads to the proof of the next results 
of the paper. 
Proposition 8 
     Let K  be a submodule of M  and S  is 
any central multiplicative system in R . If 
every non zero element of )(RZ  is a unit in 
R , then: 
1: K  is a small submodule of M  if and  
   only if SK  is a small submodule of SM .  

2: 
K
M  is a simple left R module if and  

    only if 
SK
SM

 is a simple left     SR   

    module and in either cases we have 
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    SK
M

SK
SM

)( . 

3: K  is a maximal submodule of M  if and  
    only if SK  is a maximal submodule of   

    SM . 
4: M  is a simple R module if and only if  
    SM  is a simple SR module. 

5: SMJSMJ ))(()(  . 

6: 0)( MJ  if and only if 0)( SMJ ,  

    that is, M  is semiprimitive if and only  
     if SM  is semiprimitive. 

7: K  is a cyclic submodule of M  if and 
     only if SK  is a cyclic submodule of   

    SM . 

Proof 
1: Let K  be a small submodule of M and 
S  is any central multiplicative system in 
R . To  
show SK  is a small submodule of SM . Let  
L  be any submodule of SM  such that  

SMLSK  . Then by Proposition 4, we  

get  SLL  , for the submodule  

})(:{  LssaMaL  of M , where s  is 
a fixed element in S . Hence we get  

SMSLSK   and from Lemma 1, we get  

SMSLK  )( . Thus from Lemma 5, we 

get MLK  . Since K  is a small 
submodule of M , so ML  , and then by 
Lemma  1, we get SMSL  , that is, 

SML  . Hence SK  is a small submodule  

of SM . 

     Conversely, suppose that SK  is a small 

submodule of SM . To show K  is a small  

submodule of  M . Let L  be any 
submodule of M  such that MLK  . It 
is easy to show that }0{)(  RZS  is a 
central multiplicative system in R . So by 
Lemma 1, we get SMSLSK   and 

since SK  is  small in SM , so SMSL   

and hence by Lemma 5, we get ML   and 
thus K  is a small    submodule of M . 

2: Let 
K
M  be a simple R module. To 

show 

SK
SM

 is a simple SR module. Let 

SKsm   be     any non zero element of 

SK
SM

, where SsMm  , , that is, 

SKSKsm  . Hence SKsm  .    Then 

Km  (otherwise, SKsm  ). Thus 

KKm  , that means Km   is a non 
zero     element of the simple R module 

K
M . Using Theorem E, we get 

KRmKmR
K
M

 )( .    To show 

SKSRm
SK
SM

 )( . Let 
SK
SM

SKta  , 

for StMa  , . Then we get  

KRm
K
MKa  . Hence there exists 

Rr  such that KrmKa  , so that 
Krma  . Then 

SKsrmasrmsa  )()( . Hence 

SKSRmSKsrmSKsa  )()( . So 
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we have SKSRm
SK
SM

 )( . Since 

MRm  , so SMSRm )(  and thus 

SK
SM

SKSRm )( . Hence 

SKSRm
SK
SM

 )( . From Lemma 2, we 

have SRmsmSR )( , so that we get  

)( SKsmSRSKsmSR
SK
SM

 .  

Hence 
SK
SM

 is a simple SR module. By 

using Lemma 1, we get 

  SKRmSKSRm
SK
SM

)()(  

SK
M )( . Now let 

SK
SM

 be a simple 

SR module. To show 
K
M  is a simple 

R module. Let Kx   be a non zero 

element of 
K
M , that is, KKx  . Hence 

Kx . As S , fix an Su . If 

SKux  , then there exists StKk  ,   

such that tkux  . So there exists Sv such 
that vukvtx  . Then by Lemma 5, we get 

Kx , which is a contradiction. Hence 

SKux  . So that, SKSKux  , which 

means that SKux   is a non zero element 

of the simple SR module 
SK
SM

. Hence by 

using Theorem E and Lemma 1, we get 

 SKuxSRSKuxSR
SK
SM

)(  

SKRxSKSRx )()(  . To show  

KRx
K
M

 . Let 
N
MKm  , for Mm . 

Then SKSRx
SK
SM

SKum  )( .  

Hence, there exists SwRr  ,  such that  

SKwrxSKum  )(  and so that 

SKwrxum  )( . Then dlwrxum  )( ,  

for some SdKl  , . Hence 

dluwurxwm  )( . So that there exists 

Sc such that cuwlurxwmcd  )(  or  
cuwlcdurxcdwm  . As Swdc ,, , they 

are non zero elements of )(RZ  and hence 

they are units of R , so Rwdc  111 ,, . 

Hence uldurxwm 11    and thus 
KuldurxwKm   11 KRx  , 

(since Rurw 1  and KKuld 1 ). 

Hence  KRx
K
M

 . But clearly, 

K
MKRx  , so )( KxRKRx

K
M

 . 

Hence 
K
M  is a simple R module. Also, 

we   see that 
SK
SM

  

SK
M

SKRxSKSRx )()()(  .   

3: Using Theorem F, and the result in (2) 
we get, K  is a maximal submodule of M  if 

and only if 
K
M  is a simple R module if 
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and only if 
SK
SM

 is a simple SR module if 

and only if SK  is a maximal submodule of 

SM . 

4: Let M  be a simple R module. To show 

SM  is a simple SR module. Let 

SMsm 0 , for Mm  and Ss . Then 

0m (otherwise, SMsm 0 ). Hence by 

Theorem E, we get RmM   and by using 
Lemma 1 and Lemma 2, we get 

smSRSM  . Hence SM  is a simple 

SR module. 

     Conversely, let SM  be a simple 

SR module and Mx0 . Then for a 

fixed  St , we have SMtx 0 (since if 

0tx , then it can be shown that 0x ). As 

SM  is simple, we get txSRSM  . From 

Lemma 2, we get  SRxSM )(  and since 

every element of )(RZ  is a unit, one can 
easily show that RxM  . Hence M  is a 
simple R module.  
5: Let )( SMJmx  , where SmMx  , . 

If K  is any maximal submodule of M , 
then by the result of (3), SK  is a maximal 

submodule of SM . Hence SKmx  . So 

there exists Kk   and Sn  such that 
nkmx   and then there exists Sp  such 

that pmkpnx  . So from Lemma 5, we get 
Kx  and thus )(MJx .Then 

SMJmx ))((  and hence 

 SMJSMJ ))(()(  . Now let 

 SMJsa ))(( , for )(MJa  and Ss . If 
K  is any maximal submodule of SM , 

then by Proposition 4, we have SKK  , 

for the submodule 
})(:{  KssxMxK  of M and hence 

by the result of (3), we get K  is a maximal 
submodule of M . Since )(MJa , so 

Ka  and thus we get  KSKsa . 

Hence )( SMJsa  , so that 

)())(( SMJSMJ  , which gives  

SMJSMJ ))(()(  . 

6: Using Lemma 5 and by the above  result 
of (5), we get 0)( MJ  if and only if 

0))(( SMJ  if and only if 0)( SMJ . 

7: Let K  be cyclic submodule of M . To 
show SK  is cyclic submodule of SM . So 

let RxK  , for some Mx . Then by 
Lemma 1, we get SRxSK )( . If Ss  is 

an element of S , then SMsx   .  

From Lemma 2, we get sxSRSRx )( . 

Hence sxSRSK  , which shows that SK  

is cyclic submodule of SM .  

     Conversely, let SK  be a cyclic 

submodule of SM  and maSRSK  , for 

some Ka  and Sm . From Lemma 2, 
we get maSRSRa )( . So that 

SRaSK )( . Then from Lemma 5, we get 

RaK  . Hence K  is a cyclic submodule of 
M  □ . 
Now, it is the time to introduce the 
following definition: 
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Definition  
     We call M  a centrally semiregular 
R module if the localization SM  of M  at 

every central multiplicative system S  in R  
is a semiregular SR module. 

     Finally, we prove a sequence of 
theorems which determine the relations 
between regular, semiregular, centrally 
regular and centrally semiregular modules.  
 
Theorem 9 
     If every non zero element of )(RZ  is a 
unit in R , then M  is semiregular if and 
only if it is centrally semiregular. 
Proof 
     Let M  be semiregular. To show it is 
centrally semiregular. So let S  be any 
central multiplicative system in R . To show 

SM  is semiregular. Let K  be any cyclic 

submodule of SM . Then by Proposition 4, 

we have SKK  , for the submodule 

})(:{  KssaMaK  of M  and Ss  
is a fixed element. Then by the result of (7) 
of Proposition 8, we get K  is a cyclic 
submodule of M and thus  K  lies above a 
direct summand of M . Hence there exists 
submodules P  and Q  of M  such that 

QPM   with KP   and KQ  is a 
small submodule of Q . Then SKSP   and 

by the result of (1) of Proposition 8, we get 

SKQ )(   is a small submodule of SQ . 

Using the result in (4) of Lemma 1, we get 

SKSQ   is a small submodule of SQ . To 

show  SQSPSM  . Clearly, QPM   

and by using the results in (1) and (2) of 
Lemma 1, we get SQSPSM  . Next, to 

show 0 SQSP . Let SQSPx  , so 

there exists QqPp  ,  and Snm ,  such 
that nqmpx  . So, there exists Ss  
such that smqsnp   and hence by the result 
in (1) of Lemma 5, we get Qp . Hence 

}0{ QPp , that is, 0p  and thus 
0x , so that 0 SQSP . Hence 

SQSPSM   and as SKSP   and  

SKSQ   is a small submodule of SQ , we 

get that SK  lies above a direct summand of 

SM , that is, K  lies above a direct 

summand of SM . Hence SM  is a 

semiregular SR module, that is, M  is a 

locally semiregular R module. 
     Conversely, let M  be a centrally regular 
R module. Then }0{)(  RZS  is a 

central multiplicative system in R  and 
hence SM  is a semiregular SR module. 

To show M  is a semiregular R module. 
Let RaK   be any cyclic submodule of 
M . So by Lemma 1 and Lemma 2, we get 

maSRSRaSK  )( , for some Sm . 

That is, SK  is a cyclic submodule of the 

semiregular SR module SM  . Hence SK  

lies above a direct summand of SM , that is, 

there exists submodules P  and Q  of 

SM  such that  QPSM  with 

SKP   and SKQ   is small in Q . 

But then by Proposition 4, there exists 
submodules P  and Q  of M  such that 

SPP   and SQQ  , then we get 

SQSPSM  , SKSP   and SKSQ   
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is small in SQ . Hence, SQSPSM  , 

0 SQSP , SKSP   and SKSQ   is 

small in SQ , so that SQPSM )(  , 

0)(  SQP , SKSP   and SKQ )(   is 

small in SQ . Now using, Lemma 5 and the 

result in (1) of Proposition 8, we get that 
QPM  , 0QP , KP   and 

KQ  is small in Q , that is, QPM  ,  
KP   and KQ  is small in Q . Hence 

K  lies above a direct summand of M  and 
thus M  is a semiregular R module □ .   
     Combining Theorem 9 with Theorem 
B and Theorem C, we get the following 
theorem: 
Theorem 10 
     If every non zero element of )(RZ  is a 
unit and )(MJ  is a small submodule of M , 
then the following conditions are 
equivalent: 
1: M  is semiregular. 
2: M  is centrally semiregular. 
3: For every cyclic submodule N  of M ,  
     there is an idempotent endomorphism 
     f  of M  such that NMf )(  and  
     )())(1( MJNf  . 
4: For every finitely generated submodule  
    N  of M there exists an idempotent  
     endomorphism f  of M  such that  

    NMf )(  and )())(1( MJNf  . 
5: Every finitely generated submodule of  
M   lies above a direct summand of M . 
6: For every cyclic submodule N  of M , 
there is an idempotent endomorphism f  of 
M  such that NMf )(  and ))(1( Nf  is 
a small submodule of M . 
7: For every finitely generated submodule 
N  of M  there exists an idempotent 
endomorphism f  of M  such that such that 

NMf )(  and ))(1( Nf  is a small 
submodule of M . 
     Combining Theorem 7 with Theorem 
D, we get the following theorem: 
Theorem 11: 
     If every non zero element of )(RZ  is a 
unit, then the following conditions are 
equivalent: 
1: M  is regular. 
2: M  is centrally regular. 
3: Every finitely generated submodule of  
    M  is a direct summand of M . 
4: For every finitely generated submodule  
     N  of M  there exists an idempotent  
      endomorphism f  of M  such that  
      NMf )( . 
5: M  is semiprimitive semiregular  
      module. 
6: Every submodule of M  is a  
     semiprimitive regular module. 
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المنتظمة مركزیا والمقاسات شبھ المنتظمة مركزیاحول المقاسات   
العراق \ اقلیم كوردستان،  جامعة السلیمانیة،كلیة العلوم، قسم الریاضیات ،عادل قادر جبار   

 
 الخلاصة

فى ھذا البحث قدمنا تعریفین لمقاسین جدیدین سمیناھما المقاسات المنتظمة مركزیا والمقاسات شبھ المنتظمة مركزیا 
كذلك تمكننا من الحصول على شروط عدیدة و التي تجعل كل واحد . حیث تم برھنة العدید من خواص ھذین المقاسین

 .مقاسات متكافئة) شبھ المنتظمة مركزیا(ات المنتظمة مركزیا والمقاس) شبھ المنتظمة(منھا من   المقاسات المنتظمة 
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