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Abstract

In this paper, two new modules are defined, which we call centrally regular and centrally semiregular
modules and several properties of them are proved. Also, we have determined so many conditions under
which regular (resp. semiregular) modules and centrally regular (resp. centrally semiregular) modules are
equivalent.
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Introduction identity element of RS forall meS [2].
Let R be a ring with identity 1 and M Also it can be shown that
be a left R —module. A nonempty subset S M. - , M S lft R. —
of R is called a multiplicative system in R S ={ms:meM,seS} is a le S
if 0¢S and a,beS implies abe S [1]. If module wunder the module operations
S is a multiplicative system in R such that defined as ap +b =(ta+mb)y,; and
[S,R]={0} ,where Apam =(48)pm, for all 2peRs and
[S,R]={[s,r]:s€S,r e R}and
[s,r]=sr—rs, then one can easily show
that RS ={am:a€R,meS} is a ring

am .y € Mg, where mg is the equivalence

of (m,s) in M xS under the equivalence

i i _ relation (~) which is defined as follows: If
under the following operations of addition (a,m),(b,t)e M xS then (a,m)~(b,t) if
and multiplication: OF 115, , ,

am +bp = (Na+mb)mn and (ii): and only if there exists seS such that

s(ta—mb)=0.

ambn = (ab)mn, for all am,bp eRg [2] A submodule K of M is called a cyclic
and this ring is known as the ring of submodule of M if K=Rx, for some
quotients of R with respect to the xeM [3] and it is called a small
multiplicative system S or the localization submodule of M if K+L=M, for every
of R at the multiplicative system S, where proper submodule L of M, or
aq is the equivalence of (a,m) in RxS equivalently, if L is any submodule of M
under the equivalence relation (~) defined Such that K+L=M, then L =M[4-6].

. Also, we say that K lies above a direct
as follows: If (a,m),(b,t) €RxS then summand of M if there is a direct

decomposition M =P®&Q such that
PcK and QK is a small submodule

(a,m)~(b,t) if and only if there exists
se S such that s(ta—mb) =0 and also we
would like to mention that my, is the
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of Q[7,8]. M s called a regular module if

every cyclic submodule of M is a direct
summand of M [9] and it is called a
semiregular module if every cyclic
submodule of M lies above a direct
summand of M [9]. Also M is said to be
simple if the only submodules of M are
{0} and M [10]. The Jacobson radical of
M , denoted by J(M), is the intersection of

all the maximal submodules of M [3] and
M is called semiprimitive if J(M)=0][9].
Remarks

If S is a multiplicative system in R
with [S, R]={0}, then:

1: Forall se S, we have Og is the zero of
MS’ where 0 is the zero of M and

Om =0, for all m,neS. Also, for all
seS, we have sg is the identity element of
Rg and it is easy to see that mpy =np for
all mne S [2].

2. If am,be Ry, where a,beR and

m,teS , then aym=»Db if and only if
(a,m)~(b,t) if and only if there exists
se S such that s(ta—mb)=0 and ay =0
if and only if there exists ue Ssuch that
ua=0 [2]. The same result is valid if we
replace R by M and RS by MS'

3:If r,seR and m,neS, then we have
Sy +(=S)y= (Ns—ns)pp =0pp =0p and so

(=S)n =-Sn -Now (r +S)m =mmp (r +s)m =
(Mr+ms)mm =r'm +Sm and thus
(r=s)m =(r+(-s)m =

m+(S)m =Im —Sm [2].

4:1f a,beM and m,ne S, then we have
bn +(=b)n = (b +n(=b))nn = Onn =0
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and so . Also, (a+b); =mp@+b)m =
(ma -+ mb)mm =am + by and
(@-bm=@+(-b))m =
am+(-b)m=am —bm.

Known Results
Theorem A: [9]

Let R be aring with identity and M an
R —module, then the following conditions
are equivalent:

1: M isregular.
2: Every finitely generated submodule of

M is a direct summand of M .

3: For every finitely generated submodule

N of M there exists an idempotent

endomorphism f of M such that

f(M)=N.
Theorem B: [9]

Let M be an R-—module, then the

following conditions are equivalent:
1: M is semiregular.
2: Every finitely generated submodule of

M lies above a direct summand of M .
3: For every cyclic submodule N of M,

there is an idempotent endomorphism f

of M suchthat f(M)< N and

(@— f)(N) is a small submodule of M .
4: For every finitely generated submodule

N of M there exists an idempotent

endomorphism f of M such that such

that f(M)< N and (L— f)(N) is

a small submodule of M .

Theorem C: [9]

Let M be an R—module. If J(M) is a
small submodule of M, then the following
conditions are equivalent:

1: M is semiregular.
2: For every cyclic submodule N of M,
there is an idempotent endomorphism

f of M suchthat f(M)c N and
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@-HN)cI(M).
3: For every finitely generated submodule
N of M there exists an idempotent
endomorphism f of M such that
f(M)c N and - f)(N)cJ(M).
Theorem D: [9]
Let M be an R —module, then the
following conditions are equivalent:
1: M is semiprimitive semiregular module.
2: M s a regular module.
3: Every submodule of M is a
semiprimitive regular module.
Theorem E: [3]
An R—module M is simple if and only
if M =Rx, forall 0=xeM.
Theorem F: [9]

A submodule K of M is a maximal

submodule in M if and only if % is a

simple R —module.

Now we introduce the following
definition.
Definition;

We call a multiplicative system S in R
a central multiplicative  system if
[S.R]={0}.

It is necessary to mention that

[S,R]={0} ifand only if S < Z(R), where
Z(R), is the center of the ring R, that is,
sr=rs,forall seS,reR.

The Main Results:

First, we give the following lemma. Its
proof is simple and follows directly by the
elementary properties of localization and it
is basic in driving our main results.

Lemma 1:

LetK and N be submodules of M and
S a central multiplicative systemin R .

(1): f K< N, then KS c NS and hence,

if K=N, then KS=NS'
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(2): (K+N)S =KS +NS.

(3): If L is any other submodule of M
such
that K+ N =L, then K

(4): (KﬁL)S :KS mLS.

Next, we prove several results, which
concerning the submodules of M and the
submodules of the localized module MS

+Na =L

S S S

and which will lead to the proof of
first main theorem.
Lemma 2:

Let S be a central multiplicative system
in R. If aeM and meS, then

RS am = (Ra)S .
Proof:
Let X' e Rgam . Then there exists

our

I € RS ,such that
X'=ra = (ra)tm € (Ra)S (because

rae Raandtm e S ).Hence

Rgam < (Ra)g . Let y' e (Ra)g , then there
that
get

such
we

exists seR and
y'=(sa)p. Then
y'=(sa) p =(sa) pmm =(sSm)pam € Rsam

(since  (sm) pE RS

peS

and Rgam is a
submodule of MS and hence itself is an
RS — module). So (Ra)S c Rsam. Hence
Rsam :(Ra)S O.

Proposition 3:
Let S be a central multiplicative system

in R. If K is a submodule of M , then Kg
is @ submodule of M.

Proof:
KS ={am :ae K,meS}.Take

seS(since S#¢) and since 0eK, so
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05 €K, that is, K¢ contains the zero of
Mg . Now if am,bneKS and Ap€Rg,

where a,beK,
then we have
am —bp = (na—mb)mp € Kg

AeR and m,n,peS,

and
}.pam = (}.a) pm S MS (Since
na—mb,1aeK). So KS is a submodule

of MSD.

Proposition 4
Let S be a central multiplicative system

in R and seS be any element. If K* isa
submodule of M S then

K={aeM:(sa)s e K"} is a submodule
of M and K*=KS, that is, for each

submodule K* of M there exists a

S ’

submodule K of M such that K* = K-

Proof
Since 0e M and (s0)s =0g e K*, s0

0eK.Hence ¢ #K =M . Now let
a,beK and 21 eR. Then

(sa)s,(sh)s € K*. Also we have
(s(a—h))s = (sa—sb)g =

(sa)s — (sh)s € K*. Hence a—beK .

Next we have

(s(42))s = (5(22))s s = (A5)s(s2)s € K,
so JAdaeK. Hence K is a submodule of
M . It remains to show that K* = KS' Let

am e K™, where aeM and meS. Then
we have (sa)g = My, (sa)s = (Ms)sam € K™
and hence aeK . So that ay € Kg and

thus K*gKS. Let ameKg, where

88

acK and meS. Then (sa)g € K*. Now
am = Ssam = Ss(la)m :1m(Sa)S (S K*
(since 1y € RS and (sa)g € K*and K* is

an Rq — module). Hence K¢ < K* and

thus K*:KS =

Remark

It is necessary to mention that, in above
proposition the choice of s does not
depend on the submodule K, since for all
s,teS, we have

(sa)s =t;(sa)g = sg(ta); = (ta); . More
general, for any s,t € S, we have
{acM:(sa)ge K }={beM:(tb); e K*}
. To prove this, let

xe{aeM :(sa)s € K*}, then (sx)g e K™,
We get (tx); = (sX)s € K* and thus
xe{aeM :(ta); € K*}, so that
{aeM:(sa)g e K*}g

{b e M :(tb); € K*}. Similarly we can
show {b e M : (tb); e K*}

{aeM:(sa)g e K*}. Hence
{aeM:(sa)g e K*}=

{b e M :(tb), € K*}. As especial case, if

1€ S, then by taking s=1eS, the
submodule K of Proposition 4, becomes

K ={c e M :¢; € K*}. Hence in the case
when 1€ S, we get {ae M :(sa)g € K*}z
beM:(th); e K*}={ceM:¢ eK™}.

Lemmab

Let Kand L be submodules of M and
every non zero element of Z(R) is a unit
inR.
1:If xeK,yel and sx =ty, for some
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s,teS,then xelL and yeK.
2: If KS =LS,then K =L. As especial
case, if KS =0, then we have K =0.

Proof
1: The proof will follows directly by the
fact that S< Z(R) and thus s and t are

non zero elements of Z(R), so they are
units and hence x = s_lty elL and

y sxe K.
2: Since KS =LS,so KS c LS and

_tL

LSgKS.If KSgLS,tOShOW KclL.If

xe K, then for a fixed ueS, we have
Xy € Kg c Lg. Hence there exists |el

and teS such that x,; =l and thus there

exists s e S such that stx =sul . Then from
the result of (1), we get xe L and hence
K c L. Similarly, it can be shown that
L < K. Hence K =L. For the second part,

if KS =0=OS,thenweget K=0o.

Now we introduce the following

definition:

Definition
We say that, M is a centrally regular
R —module if the localization MS of M at

every central multiplicative system S in R
is a regular RS —module.

Theorem 6

If every non zero element of Z(R) is a
unit in R, then M s regular if and only if
it is centrally regular.
Proof

Suppose that M is regular and S is any
central multiplicative system in R. If
RS am Is any cyclic submodule of M S for

aeM and me S then by Proposition 4,
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we get Rgam = Kg , for the submodule
K={aeM:(sa)s e Rsam} of M, where

se S isafixed element in S. Now by
Lemma 2, we have Rsam = (Ra)s. Hence

KS =(Ra)S . Toshow K =Ra. Let xe K,
then (sx)g € KS = (Ra)S . Hence there

exists re R and ne S such that

(sx)s = (ra)p , which implies that there
exists b e S such that b(nsx —sra)=0.
Then bnsx = bsra. Then, by Lemma 5, we
get x e Ra. Hence K — Ra. Now let
yeRa,so y=ta, for some t e R, then
(sy)s =(sta)g (Ra)S = KS = Rsam.
Thus y e K, sothat Rac K. Hence

K =Ra, that means K is a cyclic
submodule of the regular left R —module
M , so that there exists a submodule N of
M suchthat M =K @ N . That is,

M =K+N and KN ={0}. Then by

Lemma 1, we get MS = KS + NS .To

show KS N NS ={0}. Let X' e KS S
then there exists ke K, e N and u,ve S
such that x’ =k =ly and so there exists
we S such that w(vk —ul) =0, that is,

wvk =wul e K n N ={0}. Hence

wvk =wul =0. Then we get

X' =ky =wyWwky = (WK)wwy =0wy =0,
so that KS N NS ={0} and thus
MS =KS@NS =Rsam@NS.

Rgam is a direct summand of Mg and thus

NN

Hence

MS is a regular left RS —module.

Conversely, let M be a centrally regular
R —module. Consider S=2Z(R)-{0}. It is
easy to see that S=Z(R)-{0}c Z(R) is a
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central multiplicative system in R and since
M is centrally regular, so MS is a regular

left RS —module. To show M is regular.

Let Rx be any cyclic submodule of M,

where xe M . Since 10 and 1€ Z(R), so

leS. Using Lemma 2, we get

Rsx1=(Rx)S. Now RSx1 is a cyclic

submodule of the regular left RS — module
*

MS' Hence MS =RSx1€r>K , for some

submodule K™ of M Then

X by
Proposition 4, K* = Kg for the submodule

K={acM:a cK"} of M (see the last
remark). Hence, the last result yields
MS = (Rx)S S KS , that [
MS :(Rx)S + KS and  (Rx)gMKg={0}.
To show M =Rx®K. Let yeM . As
1S, we get yleMS, so there exists

reR,keK and u,veS such that
y1 = (M)y +ky =(vrx+uk)yy . Then there
exists we S such that wuvy = wvrx +wuk .
Since u,v,wesS and
S=Z(R)—{0}c Z(R), so u,v,w all are
non zero elements of the center Z(R) and
thus they are all units of R. Hence

u_l,v_l,w_leR and so from the last
1

result we get y=u""rx +vk eRx+K, s0
that M cRx+K. Hence M =Rx+K.
Next to show that Rxn K ={0}. Let

beRxnK. So there exists teR and
| e K such that b=tx=1. Then we get

b =(tx); =1 € (Rx)S N KS ={0}, that Is,
bl=0 and so there exists ce S such that
cb=0. Since ¢ is a non zero element of
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Z(R), so it is a unit and thus cleRr.

Hence we get b=ccb=ct0=0.
Therefore, RxnK={0} and thus
M=Rx®K. Hence M is a regular
R —module o .

Combining Theorem A with Theorem
6, we get the following theorem:

Theorem 7

If R is a division ring, then the

following conditions are equivalent:

1: M s regular.

2: M s centrally regular.

3: Every finitely generated submodule of
M is a direct summand of M .

For every finitely generated submodule
N of M there exists an idempotent
endomorphism f of M such that
f(M)=N.

Proof:

Since every non zero element of a
division ring is a unit and Z(R)<c R, so
every non zero element of Z(R) is also a
unit and hence the result will follows
directly from Theorem 6 o .

Now we prove the following proposition
which leads to the proof of the next results
of the paper.

Proposition 8

Let K be a submodule of M and S is
any central multiplicative system in R. If
every non zero element of Z(R) is a unit in
R, then:

1: K is asmall submodule of M if and
only if KS is a small submodule of MS :

4.

2: % is a simple left R —module if and

y K

S
module and in either cases we have

is a simple left

S
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Ms
Ks

3: K is a maximal submodule of M if and
only if KS is a maximal submodule of

Mc.
S
4: M is asimple R —module if and only if
MS is a simple RS —module.

5: J(MS)=(J(M))S.
6: J(M) =0 ifand only if J(MS):O,

that is, M is semiprimitive if and only
if MS IS semiprimitive.

M
=(?)s-

7: K is a cyclic submodule of M if and
only if KS is a cyclic submodule of

MS'
Proof
1: Let K be a small submodule of M and
S is any central multiplicative system in
R.To
show KS is a small submodule of MS' Let

L* be any submodule of M S such that
*

KS +L =M

get L = L , for the submodule

g Then by Proposition 4, we

L={aeM:(sa)s e L*} of M, where s is
a fixed element in S . Hence we get
KS + LS = MS and from Lemma 1, we get

(K + L)S = MS . Thus from Lemma 5, we

get K+L=M. Since K is a small
submodule of M, so L=M, and then by
Lemma 1, we get LS =MS’ that is,

L* = My . Hence K is a small submodule

ofMS.

91

Conversely, suppose that KS is a small
submodule of M S To show K is a small

submodule of M. Let L be any
submodule of M such that K+L=M . It
is easy to show that S=Z(R)-{0} is a
central multiplicative system in R. So by
Lemma 1, we get KS+LS :MS and

since KS is small in MS’ S0 LS :MS

and hence by Lemma 5, we get L =M and
thus K isasmall submodule of M .

2. Let % be a simple R—module. To

show
MS o
— isasimple RS —module. Let

S
mg +Kg be  any non zero element of
MS )
—=2 where meM,seS, that s,
Ks
mg +Kg # Kg . Hence mg ¢ Kg.  Then
meg K (otherwise, mg ¢ KS ). Thus
m+ K = K, that means m+ K 1is a non

zero element of the simple R —module
%. Using Theorem E, we get
M

?zR(m+K)=Rm+K. To show
Ms Ms
—=(Rm)S +KS . Let at+Ks e —>,
Ks Ks

for ae M ,teS. Then we get
a+K e% =Rm+ K. Hence there exists

reR such that a+ K=rm+K, so that
a-rmekK. Then
ag —(rm)g =(a—rm)g e KS . Hence

ag +KS =(rm)gs + KS e(Rm)S +KS. So
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MS .
we  have —g(Rm)S + KS' Since
Ks
RmcM, so (Rm)S gMS

and thus

Mg
(Rm)S + KS c—=. Hence
Ks

M
—S=(Rm) + Ko . From Lemma 2, we
Kg S S
have RS Mg = (Rm)S , SO that we get
Ms
K—= RSm5+KS =RS(ms+KS)
S
Ms

S
using Lemma 1, we get

Hence is a simple RS —module. By

M
S _ - -

MS .
— be a simple
Ks

Rs—module. To show % is a simple

M
(?)S . Now let

R —module. Let x+K be a non zero
element of % that is, x+ K = K. Hence

xgK. As S=#¢, fix an ueS. If
Xy € Kg, then there exists keK,teS

such that x,; =k; . So there exists v e S such

that vtx =vuk. Then by Lemma 5, we get
xe K, which is a contradiction. Hence
Xy € Kg. So that, x, +Kg #Kg, which

means that X, + Kg is a non zero element

Ms

S
using Theorem E and Lemma 1, we get

of the simple RS —module Hence by
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Mg
§= RS(XU +KS)=RSXU +KS =
(Rx)S + KS =(Rx+ K)S . To show

M:Rx+K.Let m+Ke%,for meM.

Mg
Then my + KS €§=(RX)S + KS :
Hence, there exists re R,we S such that

my + KS =(rX)yw + KS and so that
my — () € KS . Then my = (X)y = Id ,
for some leK,deS. Hence
(Wwm —urx)yw =1 q- So that there exists
ce Ssuch that cd(wm—urx)=cuwl or
cdwm =cdurx +cuwl . As c,d,weS, they
are non zero elements of Z(R) and hence
they are units of R, so ctdtwleRr.
Hence m=wlurx+d lul and thus
m+K=wlurx+d lul + K e Rx + K,
(since wlureR and dul+K=K ).

Hence %g Rx+ K. But clearly,

Rx+Kg%, S0 %zRX+K=R(X+ K).

Hence % is a simple R—module. Also,
Ms
Ks
R Ke =(RX+ K)o = M

( X)s"‘ S_( X+ )S_(?)S'

we see that

3: Using Theorem F, and the result in (2)
we get, K is a maximal submodule of M if

and only if % is a simple R —module if
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Mg

and only if
y KS

and only if KS is a maximal submodule of
M

is a simple RS —module if

S
4: Let M be asimple R —module. To show
MS is a simple RS —module. Let

0#mseMg, for meM and seS. Then
m = 0 (otherwise, 0+ mg e MS). Hence by

Theorem E, we get M =Rm and by using
Lemma 1 and Lemma 2, we get
Mg =Rgms. Hence Mg is a simple
RS —module.

let

Conversely, M S

RS —module and 0-xeM . Then for a

be a simple

fixed teS, we have 0= x; €M S (since if
¥ =0, then it can be shown that x =0). As
MS is simple, we get MS :Rsxt' From
Lemma 2, we get MS = (Rx)S and since

every element of Z(R) is a unit, one can

easily show that M =Rx. Hence M is a
simple R —module.
5: Let xmeJ(MS), where xe M, meS.

If K is any maximal submodule of M,
then by the result of (3), KS is a maximal

submodule of Mg. Hence xmeKg. So

there exists ke K and neS such that
Xm =Kn and then there exists peS such
that pnx= pmk . So from Lemma 5, we get
xe K and thus xe J(M).Then
Xm € (J(M))S and hence

J(Mg) < (J(M))g - Now let
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ase(J(M))S,for aeJ(M) and seS. If

K* is any maximal submodule of Mg,
then by Proposition 4, we have K* = KS’

for the submodule
K={xeM:(sx)s K™} of Mand hence

by the result of (3), we get K is a maximal
submodule of M. Since aeJ(M), so

acK and thus we get aseKq =K.
aseJ(MS), that
J(Mm ))S cJ (MS), which gives
IMg)=(I(M))g.

6: Using Lemma 5 and by the above result
of (5), we get J(M)=0 if and only if
(J(M))S =0 ifand only if J(MS)=0.

7: Let K be cyclic submodule of M. To
show KS is cyclic submodule of MS' So

Hence SO

let K=Rx, for some xeM. Then by
Lemma 1, we get KS :(RX)S. If seS is

an element of S, then xs € Mg .

From Lemma 2, we get (Rx)S = RS Xg .
Hence K¢ =RgXs, which shows that Kg
is cyclic submodule of M S

let Kg be
submodule of M¢ and K¢ =Rgam, for

Conversely, a cyclic

some acK and meS. From Lemma 2,
we  get (Ra)S = Rsam. So that
KS = (Ra)S . Then from Lemma 5, we get
K =Ra. Hence K is a cyclic submodule of
M o.

Now, it is the time to
following definition:

introduce the
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Definition
We call M a centrally semiregular
R —module if the localization MS of M at

every central multiplicative system S in R
IS a semiregular RS —module.

Finally, we prove a sequence of
theorems which determine the relations
between regular, semiregular, centrally
regular and centrally semiregular modules.

Theorem 9

If every non zero element of Z(R) is a
unit in R, then M is semiregular if and
only if it is centrally semiregular.
Proof

Let M be semiregular. To show it is
centrally semiregular. So let S be any
central multiplicative system in R. To show

M S is semiregular. Let K* be any cyclic

submodule of M

S Then by Proposition 4,
we have K*=K

S for the submodule
K={aeM:(sa)scK*} of M and se$
is a fixed element. Then by the result of (7)
of Proposition 8, we get K is a cyclic
submodule of M and thus K lies above a
direct summand of M . Hence there exists
submodules P and Q of M such that
M=P®Q withPcK and QnK is a

small submodule of Q. Then PS c KS and

by the result of (1) of Proposition 8, we get
(QmK)S is a small submodule of QS'

Using the result in (4) of Lemma 1, we get
QS N KS is a small submodule of QS . To

show MS :PS @QS . Clearly, M =P +Q

and by using the results in (1) and (2) of
Lemma 1, we get MS = PS +QS. Next, to
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show PS mQS =0. Let X' e PS mQS, SO
there exists pe P,qeQ and m,ne S such
that X'= py =0n. So, there exists seS
such that snp =smqg and hence by the result
in (1) of Lemma 5, we get peQ. Hence
pePnQ={0}, that is, p=0 and thus
x'=0, so that PS mQS =0. Hence

Mg =P ®Qg Ps =Kg

QS N KS is a small submodule of QS , We

and as and

get that KS lies above a direct summand of
%
M g K

summand of MS' Hence MS

that is, lies above a direct

is a
semiregular RS —module, that is, M is a

locally semiregular R —module.

Conversely, let M be a centrally regular
R—module. Then S=Z(R)-{0} is a
central multiplicative system in R and
hence Mg is a semiregular RS —module.

To show M is a semiregular R —module.
Let K=Ra be any cyclic submodule of
M . So by Lemma 1 and Lemma 2, we get
KS =(Ra)S = Rsam, for some meS.

That s, KS is a cyclic submodule of the
semiregular RS —module MS . Hence KS
lies above a direct summand of M S that is,
there exists submodules P* and Q* of
Mg such that Mg =P*®Q" with
P*gKS and Q*mKS is small in Q*.
But then by Proposition 4, there exists
submodules P and Q of M such that

|:>*=|:>S and Q*:QS, then we get
Mg =Ps ®Qg. P cKg and Qg MK
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is small in QS' Hence, MS :PS+QS,
Ps nQg =0, Py cKqg
small in QS’ so that MS =(P +Q)S,
(PmQ)S =0, PS gKS and (QmK)S IS
small in QS . Now using, Lemma 5 and the

and QS mKS is

result in (1) of Proposition 8, we get that
M=P+Q, PmnQ=0, PcK and
QnK issmallin Q, thatis, M=P&®Q,
PcK and QK is small in Q. Hence
K lies above a direct summand of M and
thus M is a semiregular R —module o .
Combining Theorem 9 with Theorem
B and Theorem C, we get the following
theorem:
Theorem 10
If every non zero element of Z(R) is a
unit and J(M) is a small submodule of M ,
then the following conditions are
equivalent:
1: M is semiregular.
2: M s centrally semiregular.
3: For every cyclic submodule N of M,
there is an idempotent endomorphism
f of M suchthat f(M)c N and
@-HN)cI(M).
4: For every finitely generated submodule
N of M there exists an idempotent
endomorphism f of M such that
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